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Abstract: We describe new bubble decays in pure D + l dimensional Einstein theory with 
two compact directions. The instanton solution is constructed by analytic continuation of 
the Kaluza-Klein electrically charged black hole solution. We show that the instanton 
describes the decay of a Kaluza-Klein vacuum M* 0-1 x T 2 with a non-vanishing torus tilt 
parameter. The decay is produced by the creation of a bubble of nothing which expands 
with time. We compute the instanton action, which shows that this Kaluza-Klein vacuum 
becomes more stable as the torus tilt parameter is increased. As an application, we consider 
the decay of M-theory torus compactifications leading to type OA/OB string theories. 
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1. Introduction 

Long ago Witten realized that the M 4 x S 1 vacuum of the original Kaluza-Klein theory 
is unstable via a semiclassical decay |||, |j into a bubble of nothing, where a hole forms in 
space, which rapidly expands to infinity, reaching the speed of light after a short time (we 
use the notation MP for Minkowski space in n dimensions). 

To construct the bubble solution, Witten starts with the Euclidean version of the 
D = 5 Schwarzschild black hole. The Euclidean time, r = it, now plays the role of the 
compact Kaluza-Klein coordinate. The resulting metric represents an instanton solution 
that interpolates between the false (unstable) vacuum M 4 x 5 1 at r 3> r^, and the true 
vacuum solution, which is obtained by a second Wick rotation, leading to the bubble 
solution 

dr 2 / / \ 2 \ 

ds 2 = f + (l-(r h /r) dr 2 - r 2 d^ 2 + r 2 cosh 2 V dft 2 . . (1.1) 

1 - (r h /r) V / 

A similar analytic continuation procedure can be applied to construct a different in- 
stanton solution starting with the D = 5 Myers-Perry Kerr solution. By suitable Wick 
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rotations, one obtains an Euclidean solution of finite action, 



ds 2 =dr 2 + sin 2 9(r 2 - a 2 )dp 2 - ^ (dr + a sin 2 6dipJ 
n 2 dr 2 

i P u ' , 2 j/)2 ,2 2 /) j 2 

+ ^5 ^ h p dfc> + r cos 6>dx , 

r z — a z — p 

where p 2 = r 2 — a 2 cos 2 9. A natural question is then what kind of decay this instanton 
describes. This question was answered by Dowker et al [||], who showed that the instanton 
solution has the right asymptotics to describe the decay of Kaluza-Klein vacuum in the 
presence of a magnetic field, the Kaluza-Klein Melvin background, representing a static, 
cylindrically symmetric magnetic flux tube. Indeed, at infinity one has a flat metric, which 
in cylindrical coordinates reads 

ds 2 = -dt 2 + dz 2 + p 2 dcp 2 + dr 2 . (1.3) 



Demanding that the metric ( |1.2| ) is free of conical singularities at the horizon r 2 , = p + a 
leads to the identifications 

(ip, t) = (p + 2irnR T B + 2irm, r + 2imR^j (1.4) 

with n, m 6 7L and B = a/p, which define the Melvin magnetic flux tube. There are two 
instanton solutions ( |I.2| ) that approach the same Melvin magnetic configuration, differing 
by a shift in the magnetic parameter B. They describe two decay modes of this space. One 
is the instability via nucleation of a pair of monopoles {B = a/fi + 1/R T ), by a magnetic 
dual of the Schwinger effect of pair creation in an electric field. The second decay mode 
(B = a j 1 n) is the formation of a bubble of nothing. 1 

Having shown that D = 5 Schwarzschild solution and the D = 5 Kerr solution describe 
instanton decays of Kaluza-Klein vacua, a natural question is whether a similar interpreta- 
tion holds for the instanton constructed from the Kaluza-Klein electrically charged solution, 
i.e. a black hole with U(l) charge associated with a Kaluza-Klein gauge field. The ad- 
vantage of having a charge of Kaluza-Klein origin is that in the higher dimensional theory 
the instanton is a solution of pure Einstein theory. Here we will show that this instanton 
describes the semiclassical decay of a Kaluza-Klein space M 4 x T 2 with a non-zero torus 
tilt, via the formation of a bubble of nothing. The torus tilt parameter arises as a result 
of identifications which are necessary to render the space free of conical singularities. 



2. Bubbles decays from Kaluza-Klein charged solutions 
2.1 D = 5 black holes with Kaluza-Klein charge 

We consider pure Einstein theory in six dimensions. We are interested in semiclassical de- 
cays of the vacuum M 4 x T 2 (in the appendix, we consider the case MP 0-1 x T 2 ) . One vacuum 

In string theory, there is in addition a tachyon instability originating from a winding mode which 
appears above some critical magnetic field parameter kw. 
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decay is represented by the Witten bubble of nothing generalized by including an extra S 1 
dimension. This is constructed by adding to the five dimensional Schwarzschild black hole 
metric an extra (isometric) direction y, where y is a periodic coordinate, y = y + 2irR y . 

To construct more general decays, our starting point is the electrically charged solution 
given in || The five-dimensional solution is obtained as the Kaluza-Klein reduction of 
a six-dimensional metric which is a solution of the Einstein equations in six dimensions, 
i.e. it satisfies R^ v {g&) = 0. 2 

The six-dimensional metric is given by 

dr 2 



dsj 



1 + a/r 2 



( I ^ G 
[rh/r) 



dt 2 + 



1 - {rh/r) 2 



(2.1) 



+ r 2 df^ + ( 1 + a/r z )dy z + ^ dydt . 



The coordinate y is periodic with y = y + 2nRy. The dimensional reduction to five 
dimensions in y is obtained by writing the metric in the form 

ds 2 6 = e^dsl + e" 2 ^ (dy + A.dx") 2 . (2.2) 



One finds that the five dimensional metric describe a black hole with mass M and charge 
Q. Its line element is 

1 /3 

dsj = - ' ~ ^^ dt 2 + ^ + a ' r2 \ 2 dr 2 + (l + a/rfr^ 2 . (2.3a) 
1 + a/rA 1 " K r h/r) 

The gauge field is given by = (Aq, 0, 0, 0, 0), where 

A * = n i 2 7 1 ^ • ( 2 ' 3b ) 

2 v / 2vr 2 r 2/ 1 + a / r 2 



Finally, the scalar field is 

= -- In (l + a/r 2 ) . (2.3c) 

The solution is fully specified by two parameters, namely the mass M and the charge Q. 
Introducing a parameter k 



. f 

2 Vk 2 m7 

the different parameters can then be written in terms of M and k by means of the following 
relations 

Q 2 = l {K l M ) 2 k(k- 
K 2 M , 

a = =- k . 

2vr 2 



2 A discussion (which has no overlap with the present treatment) of bubble solutions related to four- 
dimensional Kaluza-Klein charged black holes is in Discussions of other Kaluza-Klein bubble solutions 



can be found in |], . 
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The solution represents a black hole with regular horizon in the region 

< (jjgj < * • (2.6) 

This corresponds to the range —1 < k < 0. For larger values of Q/M, the metric exhibits 
a naked singularity. 

2.2 Instanton 

We can obtain an Euclidean solution from solution ( |2.1| ) by Wick rotations, t — > ir and 
Q — ► iq. The latter is necessary in order to have a real metric. So the Euclidean solution 
reads 



ds 



1 + a/r 



1 - (r h /r 



A , 9 2 1 



, 2 dr^ 
dr^ + 



l-^/r) 2 (2J) 



+ r 2 dft 2 + (l + a/r 2 Jdy 2 - ^-^dydr . 

We stress that this is a solution of pure (Euclidean) Einstein theory, where the action 
contains just the Einstein-Hilbert term, 

1 



16vrG 6 



d b x (y/gR\ 



'6 ' 



without any additional field. For q = 0, the solution reduces to the Witten instanton with 
an extra S 1 coordinate y. 

The geometry has a potential conical singularity at the horizon which must be removed 
as usual by a suitable identification. The norm of the Killing vector, 



A= n l ^ — , (2.10) 



C = d T + Ad y , (2.9) 

Q 1_ 

2 v / 2tt 2 a + r 2 

vanishes at the horizon. We introduce a new coordinate y = y — At, which is constant 
along the orbits of £. In terms of this coordinate, the metric takes the form 

>2 

A 2 , dr " 



i > 1 ~ i r h/ry 2 dr 2 2 >o2 
ds« =— r^—dr H + r z dsr 



1 + a/r 2 ' i _ ( r/i / r 

+ (1 + a/r 2 ) f dy + — ^- f - — dr] 

V ; V 2v/2vr 2 V« + r h a + r 2 y / 



(2.11) 



Near the horizon the relevant part of the metric reduces to 

ds 2 « ^"^. dr 2 + ? r " , dr 2 + • • • . (2.12) 
r h (l + a/rl) 2(r - r h ) K 1 

The horizon is at r = r^. In order to avoid the conical singularity in (2.12), r must be 
periodic, with r = r + 2t:R t at fixed y. The periodicity 2irR T is determined by introducing 
a Rindler coordinate f = ^/2r^^/r — r^. The relevant part of the metric becomes 

f 2 

ds 2 « -« dr 2 + dr 2 + ■ ■ ■ , (2.13) 

r 2 + a 
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which shows that the space is free from conical singularity provided r = r + 2irR T with 



Rr = \ri + a. (2.14) 



This gives the Hawking temperature Th = (2ttR t ) . 
At r = oo, the instanton ( |2.7D approaches the metric 



dsl = dy 2 + dr 2 + dr 2 + r 2 dO§ , (2.15) 

with the identification 

( y , r ) = + 27rni? a + 2TrmAR T , r + 2i:mR T ^ . (2.16) 
Introducing 2-7r-periodic variables a±, by y = R y <Ji, r = R T (J2, the asymptotic metric is 

dsl = R l | d(T i + ^ckr 2 | 2 + dr 2 + r 2 d^ , (2.17) 
with 0, representing the torus modular parameter 

n = a + i^, a=^. (2.18) 

y y 

The behavior of the instanton at infinity tells us which is the original vacuum that decays 
into the bubble. From ( p. 17 ) we see that the instanton approaches the space 1R x T 2 , 



where the 2-torus has a modular parameter given by Q, eq. ( 2.18[ ). The torus modular 



parameter is a feature which characterizes the Kaluza-Klein vacuum, modulo SX(2,Z) 
transformations, 

Q -» ° + , , a,b,c,deZ, ad-bc=l. (2.19) 
cil + a 

In particular, a —* a + 1 gives an equivalent torus. This property is manifest in the 
identifications ( |2.16| ), since A — > A + R y /R T is absorbed into n. We shall restrict the 
modular parameter O to the fundamental domain T of SL(2, Z). In particular, this implies 
the restriction 

_I < a < I or -i^<^<^. (2.20) 
2 2 2-R T 2^? T 



It is convenient to write the instanton metric ( |2.7D in terms of the parameters R T , R y , 
A that specify the Kaluza-Klein vacuum. Using eqs. ( |2.5a|) , (|2.10| ), (|2.14 ) we find 



2A l 



3 + ^ 2 ' 

Therefore 



(2.21) 



q = 2V2tt 2 R 2 .A , (2.22a) 
r 2 = R 2 T (1 + A 2 ) , (2.22b) 
a = -R 2 A 2 . (2.22c) 
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The instanton metric becomes 



2 _ !-(!+ A 2 )R 2 T /r 2 A 2 dr 2 2 2 

d ' 6 " l-^/r 2 dr + i-(i + A 2 )R 2 T /r 2 +T ^ h 

9 (2.23) 

2d2/ ^ ( ASi , .i-a+^A 2 2 



+ (1 - A R^/r j \dy + A dr 

The metric is regular on the full (geodesically complete) space r 2 > (1 + A 2 )R 2 . Due to fact 
that the shift A — ► A + nR y /R T gives an equivalent Kaluza-Klein vacuum at infinity, there 
will be an infinite family of instanton solutions obtained by replacing A — > A + nR y /R T in 
the metric fl2.23| ). 

Reducing ( |2.23| ) in y, i.e. along the orbits of the £ Killing vector, we find 

( j ) = - l -\n(l-{R T A/r) 2 ) , (2.24a) 

l-^ 2 i? 2 /r 2 



ds\ = ■ — ' — — "o/o dr z + — — / —- 1 rdr z 

(l-(AR T /r) 2 f 3 l-(l+A 2 )(R T /r) 2 

1 /3 

+ ( 1 - (AR T /r) 2 ) r 2 dn 2 3 . (2.24c) 



1_ (l+A 2 )(R T /r) 2 2 (l-(^A) 2 ' 1 ' 



From the point of view of the dimensionally reduced theory, the torus tilt is a non-zero 
gauge potential at infinity, 

A T (oo)=A. (2.25) 

2.3 Bubble decay 

In the standard treatment of semiclassical vacuum decay 0, 3, the false vacuum decays 
into a Lorentzian space that coincides with the instanton (the bounce solution) on a three- 
dimensional surface of zero extrinsic curvature at t = 0. Any Euclidean solution of finite 
action that has the same asymptotic as the Kaluza-Klein vacuum and that can be an- 
alytically continued to a real Lorentzian metric represents a decay mode of the original 
space. 

The Lorentzian signature metric is obtained by a suitable analytic continuation of our 
instanton solution (2.7). The new time variable has to preserve the symmetry around the 
hyperspace of t = 0, so, as in the 9 = tt/2 plane can be taken as the t = surface. We 
write 

dQ 2 3 = d6 2 + sin 2 6 dSll , (2.26) 
and perform a Wick rotation 9 —* tt/2 + itp. This leads to the replacement 

dttl -> -dtp 2 + cosh 2 V dtt 2 . . (2.27) 

The resulting six dimensional metric contains the terms (see ( [2.23| ) ) 

d ** = l-(l + A 2 )R 2 /r 2 " rW + r ' C ° Sh2 ^ dQl + - 



-6- 



Introducing coodinates 

p = rcosh?/> , t = rsmhip , (2.28) 
at large r the metric approaches, 

dsl -dt 2 + dp 2 + p 2 dnl + dr 2 + (dy + Adrf . (2.29) 

So the space at large r is the usual flat space M 4 x T 2 with a torus tilt. The full space 
at time t is a curved spacetime where the region p 2 — t 2 < r 2 , with r 2 , = (1 + yl 2 )i? 2 , has 
been removed, r = r/, is a frontier of the space time: the wall of the bubble. The space is 
regular at r > r^. 

The radius of the bubble grows with time as 

bubble (*) = yJ(l + A 2 )R*+t* • (2.30) 
Note that the size of the bubble at t = increases with the torus tilt parameter A. 



The size of the r-circle at constant y can be read directly from (2.23) 



R 2 T (r) = R 2 T (l + A 2 ) (l - (1 + A 2 )^ = r\ (l - if) . (2.31) 

Thus the r-circle smoothly shrinks to zero at the surface of the bubble. At infinity, it is 
i? T (oo) 2 = i? 2 (l + A 2 ), as follows also from ( |2.17| ) by looking at the size of the 02 circle at 
G\ =constant. 

The size of y circle is given by 



R y (r) = R y Jl- (ARr/r) 2 , (2.32) 



with r 2 = p 2 - t 2 > (1 + A 2 )R 2 , so that R y /Vl + A 2 < R y (r) < R y . 



3. The instanton action 

In the semiclassical approximation, the decay rate can be written as the exponential of 
minus the instanton action, 

r«e~ 7 . (3.1) 

We provide two independent computations of the action. By direct evaluation of the action 
including boundary terms, and by using thermodynamics. 

3.1 Direct calculation 

In six dimensions, the only field we have is the metric, so the action is given by 

1 - ~ ! A " X <^ K) « " sk M' 1 ' " K " ] • (3 ' 2) 

where h is the induced boundary metric, K the trace of its extrinsic curvature and Kq the 
analog quantity for the space where our metric is embedded in (flat space, in our case). 
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Since our instanton is a vacuum solution, R^ u = 0, the only contribution will come from 
the boundary term. 

If is a unit normal vector to the boundary, the extrinsic curvature is written as 

Kfj, u = V M n v - n^rfV a n u . (3.3) 

If the metric is such that is radial and only depends on the radial coordinate, one can 
show that the trace of (3.3) reduces to the logarithmic derivative of the square root of the 
determinant of the boundary metric with respect to a unit radial vector, 

VhK = —d r Vh. (3.4) 

y5tr 

In our case, the metric induced at the boundary is given by (2.7) with r — > oo and constant. 
We get 

— Vh = sin 2 0i sin 9 2 ( 3r 2 - -rf) + <3(r" 2 ) . (3.5) 



Or x '\ 2 

The flat space term, Kq, can be obtained from (3.5) imposing q = M = 0, i.e. rn = 0. So 
we have 

Vh(K-K ) = sin 2 0i sin . (3.6) 
Thus, the action is simply the integral of (3.6), 

I=-^-7T 2 (27rR y )(2nR T y h . (3.7) 



Using T = 1/(2ttR t ) and ( |2T4|) we obtain 

7T 2 / 7T 2 /? 3 

1 = (27ri ^4^V 1 + a ' r l = Icf (1 + A2) • (3 ' 8) 

where we have used G5 = GQ/(2irR y ). 

3.2 Computation using thermodynamics 

In five dimensions, the instanton metric represents an Euclidean charged black hole, whose 
thermodynamics is well known. The bulk part of the action ( |3.2| ) becomes, 

I = jd 5 x^ (r 5 - ^(dcpf - ^~^F, V F^ . (3.9) 

The action is the ratio between the free energy F and the temperature T = (2-7ri? T ) _1 . The 
free energy is 

F = M -TS -$ H Q , (3.10) 

where &h is electric potential at r = rh- We can simplify this equation using the Smarr 
formula Q, 

M = ^TS + <5> H Q . (3.11) 

Thus the action reads 

I=- = -S. (3.12) 
T 2 v ; 
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The entropy of the five dimensional black hole is the area of the horizon over 4G*5, 



2-7T 2 / 7T 2 

S= AG, rl V 1 + ° /r ' = 2Gl R * (1 + A2) ' (3 - 13) 



where we have used ( 2.24cj ). So the action is 



4G 5 



L (l + A 2 ), (3.14) 



in exact agreement with (3.7). 



3.3 Decay rate 

The action is 

where 



HR T .R U .A)- 1,(1-1- A 2 ) . -Jh-<A<^, (3.15) 



/0 = ^GT = S^T ' G ' = G 6/((2^)(2^)) • (3.16) 

The Witten decay |Q] corresponds to A = 0, so that iwitten = io- I n this case the instanton 
is obtained by analytic continuation from the D = 5 Schwarzschild black hole. Remarkably, 
the instanton action / increases with the torus tilt. This indicates that the effect of the 
tilt ( |2.16j ) is to render the Kaluza-Klein vacuum more stable. Intuitively, the reason is that 
the size of the bubble at the moment of creation t = is larger the larger is the tilt, so the 
cost of producing the bubble is greater. 

One can also write down the action for the shifted instantons, A — > A — nR y /R T , 

I(R r ,R y ,A)=I (l+(A- 1 ^y} , (3.17) 

R Ft 

We see that in the fundamental domain — -^r- < A < the dominant decay mode (i.e. 
the one with less action) is n = 0. Other decay modes are exponentially suppressed. 



4. Decay of Type String Theory 

In the presence of fermions, the instanton decay studied here (just as in jj]]) is relevant for 
compactifications where fermions obey antiperiodic boundary conditions in the r direction. 
The reason is that the space described by the instanton metric (topologically M. 2 x S 1 x S 2 ) 
admits a unique spin structure in the r-circle, since this shrinks to zero at the horizon. 
There are two spin possible structures on (r,y), namely (— , +) and (—,—), i.e. in the 
asymptotic region, fermions must be antiperiodic functions in the S 1 described by r. 

As an application of the decay rate computed here, we consider M-theory compacti- 
fied on a two torus, where fermions obey antiperiodic boundary conditions in one of the 
circles. If we regard r as the eleventh dimension, this compactification leads (ll]] to type 
OA/OB theories |p^| . More precisely, ten-dimensional type OB is equivalent to M-theory 
compactified on T 2 /[(— 1)^ x S] in the limit of zero torus area, where F is the spacetime 
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fermion number and S is the half shift along the circle (X — > X + ttR). The type OB 
Ramond-Ramond sector has an untwisted subsector (R+,R+) and a twisted subsector 
(R— , R— )• There are two RR scalars, one of each sector. The tilt of the torus is related to 
the expectation value of the RR scalar of the untwisted sector. 

For a rectangular torus, the RR scalar field vanishes. The decay rate in this case 



was studied in [13]. One assumes that there are six compact dimensions y m , m = 1, ...,6 
besides the 2-torus described by coordinates r and y. The relevant instantons describing 
the decay are essentially the Witten instanton Q and the solution of Dowker et al Q. 
The relation with magnetic fields arises because string theory with antiperiodic fermions 
in one direction can be described by a Melvin magnetic flux tube backgound with a special 
magnetic field ||. For this critical value of the magnetic field, the dominant decay mode 
is via bubble formation. For small values of the magnetic field, the decay is dominated 



by creation of D6/D6-brane pairs, with a decay rate equal to the Schwinger rate [13] (see 
1 14, [D| for related discussions). In addition to these non-perturbative instabilities, type 
OA theory at weak coupling g^ A = R 2 /4a' <C 1 has a tachyon instability, which makes the 
theory highly unstable. In this regime, the perturbative decay rate is of order one in a' 
units. 

Now consider the decay in the presence of a torus tilt. Consider first the case of five 
extra directions y m compactified on a rectangular torus, so that we consider the decay of 
the vacuum M 4 x T 2 x T 5 , and we wish to study the effect of a tilt in T 2 on the decay 
rate. The relevant instanton is the one constructed in the preceding sections, by trivially 
adding five extra directions y m . The action can be read from ( 3.15|) , 



AttV 6 ( a 2 \ 1 1 



(4.1) 



(27r)6 a ' 3 V HbJ ' 2-2 



where G w = G u /(2ttR t ), V 6 = 2nR y V 5 and a is the expectation value of the vector 
component Ay (or RR scalar in type OB). We have used 

R 2 T = 4a'g 2 A , 16vrG 10 = (2vr) 7 5o 2 A a /4 , g 0B = ^- , a = ^ . (4.2) 

Thus the decay rate decreases as the tilt a is increased. 

Now consider the case where the five y m coordinates are non-compact. The dominant 
non-perturbative decay mode is again via the formation of a bubble of nothing. For a 
generic torus with modular parameter f2, the relevant instanton is obtained from the ap- 
pendix by setting D = 10 (this gives the instanton of maximal symmetry). We thus obtain 
the following decay rate of type OA/OB theory: 

Tqa/ob oc e-^/oB , Iqa/ob = J^—RyR^! + A 2 ) 112 , G 10 = . (4.3) 
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In terms of string theory parameters 

Interestingly, for a non-zero a parameter the instanton action has a minimum, non- vanishing 
value as a function of the coupling g$A, Iqa" 1 = const. ii^ a 5 /a' 3 . This means that for 
RyCi 5 3> c/ 3 , the action is large and the semiclassical approximation is reliable for any g$A ■ 
At small couplings, there is a perturbative instability due to the presence of the type 
tachyon which dominates over non-perturbative effects. At strong coupling, </oa 3> 1) the 
tachyon is expected to be absent, and the decay should be produced by the formation of 
the bubble of nothing, with a decay rate given by (\1.4)- The decay is suppressed at large 
couplings. This is expected, since at large couplings the dynamics of type OA theory should 
approach that of M-theory, which is stable (for very large radius R T , the periodicity of the 
fermions should not significantly affect the dynamics). 

The decay rate of type OA theory at strong coupling when y is non-compact is given 
by the Witten decay rate of a space M 10 x S . The rate can be obtained from the formulas 
of the appendix by setting D = 11, A = and replacing GyijlixRy — ► G\\. We find 

r A _ «9 2l6/?9 _ gVg _ 2" 

We see that the action increases with the string coupling to the power six, so the decay 
rate is rapidly suppressed as the coupling is increased. 
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A. Decay of M^ 1 x T 2 

A.l The (D + l)-dimensional instanton 

We can obtain the (D + l)-dimensional version of our instanton from the D-dimensional 
charged Kaluza-Klein black hole solution given in Q. By uplifting the solution to D + 1 
dimensions, and a Wick rotation along with Q — > iq, we find 



l + a/r D - s \\ y hl ' ) (Z) - 3) 2 ^_ 2 r 2(D- 3 ) 



+ A, , g _ 3 + + (l + a/r D -z)dy 2 (A.l) 

1 - \r h /r) 



D-l 



2V2q 1 2tt- 

rdydT , \Id-2 
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Following the same procedure as in section ||, we consider the Killing vector £ = d T + Ad y , 
where 

V2q 1 



(D - 3)ft D _ 2 rf - 3 1 + a/- D - 3 



(A.2) 

which has zero norm at the horizon, and introduce the y = y — At variable, which is 
constant along the orbits of £. In order to remove the potential conical singularity, r has 
to be (2-7ri? T )-periodic at fixed y coordinate, with R T now given by 

RT = p^r h ^Jl + a/r°- 3 . (A.3) 

Again, A represents the value of the gauge field at infinity, A T (oo) = A. In order to express 
the solution in terms of parameters R T and A, it is first convenient to introduce k defined 



{D - 3) 2 



The parameters are then given by 



D _ 3 2k 2 M A D-3,\ n 2 M 



= w^w^ \ l+ — k ) • a= ■ (A ' 5b) 

k2m _ (D - ^n- a)*-* Qd 2 ^ 3 ^ + g-, t p» ^ _ ,y'-'^ . ( , 5C) 

The instanton solution is real for A: in the range < A; < 2 (so that g is real). Using 



i.e. 



we obtain 



k = (D-2 )+ A* - ^ 

q = {D ~J^~ 2 ^ 2 ^A (1 + A 2 ) (D ~ 5)/2 , (A.8a) 
r h = ^y^Rt Vl + A 2 , (A.8b) 

a = - (^Rr) A 2 (1 + A 2 ) (D " 5)/2 . (A.8c) 

At infinity, the instanton approaches the metric 

ds 2 D+1 = dy 2 + dr 2 + dr 2 + r 2 dn 2 D _ 2 , (A.9) 

with the identification 

(y, T ) = [y + 2-KnRy + 2irmAR T , r + 2irmR T ^j . (A.10) 
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A. 2 The instanton action 

In D dimensions the solution represents an electrically charged black hole. The thermody- 
namics is as follows. The Hawking temperature and entropy are 

T--5- = °- 3 (A.ll) 

The action can be computed as the free energy over the temperature. Using F = M — 
TS — &hQ and the Smarr formula jjj 

M = + $ H Q , (A.13) 



we find 



(A.14) 



■(27TR y )(27rR T )r^- d , 



16ttG d+1 

where Gd+i = 2ttR v Gd and we have used ( A.llp . 

The instanton action can also be computed directly from its definition as an integral, 

- -is^T h D+lx m - ^ f MK - Ka) ■ <A - l5) 

Following the same method as in section 3.1, we obtain 

2 A(8i) fd 



host. = 1fi n / u::/)_o- M ) ; u m w; / /; 



(A.16) 



16ttG d+ i 
which exactly agrees with ([All) . 

The decay rate is thus given by T ~ e _Jinst - , with 

I inst .=/ (l + ^ 2 ) (D - 3)/2 , (A.17) 

where 

■kQ. D - 2 fD-3\ D 3 D _ 2 



We have used ( A.8b| ). The qualitative features are as in the decay of the six dimensional 
space M 4 x T 2 . 



- 13 - 



References 



E. Witten, "Instability Of The Kaluza-Klein Vacuum," Nucl. Phys. B 195 (1982) 481. 

S. R. Coleman, "The Fate Of The False Vacuum. 1. Semiclassical Theory," Phys. Rev. D 15, 
2929 (1977) [Erratum-ibid. D 16, 1248 (1977)]. 

S. R. Coleman and F. De Luccia, "Gravitational Effects On And Of Vacuum Decay," Phys. 
Rev. D 21 (1980) 3305. 

F. Dowker, J. P. Gauntlett, G. W. Gibbons and G. T. Horowitz, "The Decay of magnetic 
fields in Kaluza-Klein theory," Phys. Rev. D 52 (1995) 6929 [arXiv:hcp-th/9507143]. 

J. G. Russo and A. A. Tseytlin, "Magnetic flux tube models in superstring theory," Nucl. 
Phys. B 461, 131 (1996) [arXiv:hcp-th/9508068]. 

G. W. Gibbons and D. L. Wiltshire, "Black Holes In Kaluza-Klein Theory," Annals Phys. 
167 (1986) 201 [Erratum-ibid. 176 (1987) 393]. 

G. W. Gibbons and K. i. Maeda, "Black Holes And Membranes In Higher Dimensional 
Theories With Dilaton Nucl. Phys. B 298, 741 (1988). 

A. Chamblin and R. Emparan, "Bubbles in Kaluza-Klein theories with space- or time-like 
internal dimensions," Phys. Rev. D 55, 754 (1997) [arXiv:hcp-th/9607236]. 

H. Elvang, T. Harmark and N. A. Obers, "Sequences of bubbles and holes: New phases of 
Kaluza-Klein black holes," JHEP 0501, 003 (2005) [arXiv:hep-th/0407050]. 

R. Emparan and H. S. Reall, "Generalized Weyl solutions," Phys. Rev. D 65, 084025 (2002) 
[arXiv:hep-th/01 10258]. 

O. Bergman and M. R. Gaberdiel, "Dualities of type strings," JHEP 9907, 022 (1999) 
[arXiv:hep-th/9906055]. 

L. J. Dixon and J. A. Harvey, "String Theories In Ten-Dimensions Without Space-Time 
Supersymmetry," Nucl. Phys. B 274, 93 (1986); N. Seibcrg and E. Witten, "Spin Structures 
In String Theory," Nucl. Phys. B 276, 272 (1986). 

M. S. Costa and M. Gutperle, "The Kaluza-Klein Melvin solution in M-theory," JHEP 0103, 
027 (2001) [arXiv:hcp-th/0012072]. 

J. G. Russo and A. A. Tseytlin, "Magnetic backgrounds and tachyonic instabilities in closed 
superstring theory and M-theory," Nucl. Phys. B 611, 93 (2001) [arXiv:hcp-th/0104238]. 

R. Emparan and M. Gutperle, "From p-branes to fluxbranes and back," JHEP 0112, 023 
(2001) [arXiv:hcp-th/0111177]. 



-14- 



